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We study collision of particles in the vicinity of a horizon of a weakly magnetized non-rotating
black hole. In the presence of the magnetic field innermost stable circular orbits (ISCO) of charged
particles can be located close to the horizon. We demonstrate that for a collision of two particles,
one of which is charged and revolving at ISCO and the other is neutral and falling from infinity,
the maximal collision energy can be high in the limit of strong magnetic field. This effect has some
similarity with the recently discussed effect of high center-of-mass energy for collision of particles
in extremely rotating black holes. We also demonstrate that for ‘realistic’ astrophysical black holes
their ability to play the role of ‘accelerators’ is in fact quite restricted.
PACS numbers: 04.70.Bw, 04.70.-s, 04.25.-g
I. INTRODUCTION
Collision of particles near a rotating black hole horizon
may produce high energy radiation. Such processes con-
nected with the Penrose effect have been studied long
time ago by Piran and collaborators [1–3]. Recently
Ban˜ados, Silk and West (BSW) [4] demonstrated that
for an extremely rotating black hole such collisions can
produce particles of high center-of-mass energy. In an
idealized set up this energy can be higher than Planck-
ian energy, so that one might think about black holes as
super high energy colliders. This work stimulated a lot
of interest to this problem [5–13]. More detailed analysis
demonstrated that this model is oversimplified. There
exist several processes which suppress the possible high
value of the collision energy [14, 15]. The center-of-mass
energy can be infinitely high only if the black hole is ex-
tremely rotating. A tiny violation of the extremality con-
dition, which is practically inevitable in the astrophysical
applications, strongly suppresses this effect. Even in the
idealized extremely rotating case special fine-tuning is
required for particle trajectories. The gravitational radi-
ation also significantly affects this process.
The aim of this paper is to show that a similar effect
of particle collision with high center-of-mass energy is
also possible when a black hole is non-rotating (or slowly
rotating) provided there exists magnetic field in its ex-
terior. This observation might be interesting since there
exist both theoretical and experimental indications that
such a magnetic field must be present in the vicinity of
black holes. In what follows we assume that this field
is weak and its energy-momentum does not modify the
background black hole geometry. For a black hole of mass
M this condition holds if the strength of magnetic field
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satisfies the condition
B ≪ Bmax = c
4
G3/2M⊙
(
M⊙
M
)
∼ 1019M⊙
M
Gauss . (1)
We call such black holes weakly magnetized. One can
expect that the condition (1) is satisfied both for stellar
mass and supermassive black holes.
The condition (1) does not mean that the magnetic
field does not affect the charged particle motion. The
following dimensionless quantity
b =
|q|BGM
mc4
(2)
can be used to characterize relative strength of mag-
netic and gravitational forces acting on a charged par-
ticle (with charge q and mass m) in the vicinity of the
weakly magnetized black hole of mass M . For electrons
this quantity is
b ∼ 8.6× 1010
(
B
108Gauss
)(
M
10M⊙
)
, (3)
while for protons it is less by the factormp/me ≈ 1836. If
one uses the following estimations for the magnetic field
in the vicinity of black hole, presented in [17],
B ∼ 108Gauss for M ∼ 10M⊙ black holes; (4)
B ∼ 104Gauss for M ∼ 109M⊙ black holes , (5)
one obtains b ∼ 8.6 × 1010 and b ∼ 8.6 × 1014 for these
two cases, respectively. This means that even for weakly
magnetized black holes the magnetic field can dramati-
cally modify the charged particle motion. For B = bmax
the parameter b reaches the value bmax = 8.6 × 1020,
which is independent of the mass of a black hole.
It is interesting that in some aspects the action of the
magnetic field on charged particle motion is similar to
the effects of the rotation of the black hole on the motion
of neutral particles in its vicinity. Such a similarity can
2be expected in a general case because of the well known
gravito- electromagnetism analogy (see e.g. [18, 19]). In
particular, in the presence of the magnetic field the inner-
most stable circular orbit (ISCO) for a charged particle
can be arbitrary close to the horizon [20], as it occurs
for an extremely rotating black hole. For this reason
one can expect that under special conditions magnetized
black holes can play a role of accelerators, similar to the
rotating ones. The purpose of this paper is to demon-
strate that this is really so.
Many important results concerning charged particle
motion in magnetized can be found in [20–22]. A more
recent paper [16] contains more detailed study of this
problem. The results of the latter paper will be used in
the present work.
The present paper is organized as follows. Section II
contains discussion of charged particle motion in the
magnetized black holes, with the main focus on the prop-
erties of their ISCOs. In Section III we discuss particles
collisions in the vicinity of a weakly magnetized black
hole. We demonstrate that for collision of two charged
particles, moving along ISCO in the opposite directions,
the center-mass energy is only slightly more that 2m.
However the collision energy can be high in the other
case, when a freely falling neutral particle collides with a
charged particle at ISCO. Formally, the center-mass en-
ergy can be arbitrary high for this case, as it happens
in the extremely rotating black holes. In Section IV we
discuss the obtained results. In particular, we show that
the dependence of maximal collision energy M on the
magnetic field parameter b has the form M ∼ b1/4. As
a result one cannot reach extremely high energy M for
realistic magnetic fields. We also discuss other effects
which might be important for such collision processes.
II. CHARGED PARTICLE MOTION IN
WEAKLY MAGNETIZED BLACK HOLES
Let us discuss first a charged particle motion in the
vicinity of a Schwarzschild black hole of mass M in the
presence of an external static axisymmetric and uniform
at the spatial infinity magnetic field. The Schwarzschild
metric reads
ds2 = −fdt2 + f−1dr2 + r2dω2 , f = 1− rg
r
, (6)
where rg = 2GM and dω
2 = dθ2 + sin2 θdφ2. The com-
muting Killing vectors ξ(t) = ∂/∂t and ξ(φ) = ∂/∂φ gen-
erate time translations and rotations around the symme-
try axis, respectively. The magnetic field potential in the
Lorentz gauge Aµ;µ = 0 is of the form
Aµ =
B
2
ξµ(φ) . (7)
The corresponding magnetic field is homogeneous at the
spatial infinity where it has the strength B (see, e.g.,
[21, 23]). In what follows, we assume that B ≥ 0.
Dynamical equation for a charged particle motion is
m
duµ
dτ
= qFµν u
ν , (8)
where τ is the proper time, uµ is the particle 4-velocity,
uµuµ = −1, q and m are its charge and mass, respec-
tively. For the motion in the magnetized black hole there
exist two conserved quantities associated with the Killing
vectors: the energy E > 0 and the generalized azimuthal
angular momentum L ∈ (−∞,+∞),
E ≡ −ξµ(t)Pµ = m
dt
dτ
(
1− rg
r
)
, (9)
L ≡ ξµ(φ)Pµ =
(
m
dφ
dτ
+
1
2
qB
)
r2 sin2 θ . (10)
Here Pµ = muµ + qAµ is the generalized 4-momentum
of the particle. We focus on the motion of the charged
particle in the equatorial plane, so that these integrals of
motion are sufficient for the completely integrability of
the equations of motion1.
It is convenient to use the following dimensionless ver-
sions of r, τ , E, L and B
ρ =
r
rg
, σ =
τ
rg
, ℓ =
L
mrg
, E = E
m
, b =
qBrg
2m
. (11)
Written in the dimensionless form the equations of mo-
tion are
(
dρ
dσ
)2
= E2 − U , dT
dσ
=
Eρ
ρ− 1 , (12)
ρ
dφ
dσ
= β , β =
ℓ
ρ
− bρ , (13)
where the effective potential is
U =
(
1− 1
ρ
)
(1 + β2) . (14)
In what follows we assume that the charge q is positive, so
that b is positive as well. We discuss only such solutions.
Solutions for the negative charge can be obtained by a
simple substitution b→ −b, ℓ→ −ℓ, and φ→ −φ
1 Let us notice that the black hole parameters do not enter the
expression for the generalized azimuthal angular momentum, so
that expression (10) is the same as in a flat spacetime. If a
particle does not move and is located at θ = 0, (10) takes the
form L = 1
2
qBr2. This means that L depends on the choice of
the center of the spherical coordinates. This ambiguity reflects
the fact that L is not a gauge invariant quantity, and by a proper
gauge transformation its value at a initial moment of time can be
changed. For the same reason the absolute value of the constant
L is not so important for our problem. However, in the case
of a black hole it is convenient to fix the origin of the spherical
coordinates in the ‘center’ of the black hole, and to choose the
gauge in which (7) is valid.
3We consider circular motion of the charged particle.
The effective potential has minimum at the radius of such
an orbit. The momentum of a particle at the circular
orbit of radius r is
pµ = mγ(eµ(t) + ve
µ
(φ)) , (15)
eµ(t) = f
−1/2ξµ(t) = f
−1/2δµt , (16)
eµ(φ) = r
−1ξµ(φ) = r
−1δµφ . (17)
Here v (which can be both positive and negative) is a
velocity of the particle with respect to a rest frame, and
γ is the Lorentz gamma factor. From normalization con-
dition p2 = −m2 one has γ = (1−v2)−1/2. For q > 0 the
Lorentz force acting on a particle with v > is repulsive
(i.e. directed outwards the black hole), while for v < 0 it
is attractive.
Using relation dφ/dτ = vγ/r and (10) one gets
vγ = β . (18)
This relation allows one to find
γ2 = 1 + β2 , v =
β√
1 + β2
. (19)
The position of the innermost stable circular orbit
(ISCO) is determined by the equations ∂ρU = ∂
2
ρU = 0.
These conditions give 2 relations for 3 quantities, ρ, ℓ,
and b. In the absence of the magnetic field the ISCO
radius is the same for both types of the directions of
the motion and the corresponding value of ρ is ρ± = 3.
For non-vanishing magnetic field the radii of the ISCO
for positive and negative ℓ are different. Both ρ± are
smaller than 3, and one always has ρ+ < ρ−.
Using equations (57) and (58) of the paper [16] one
obtains
β± ≡ ℓ±
ρ±
− b±ρ± = ± 1√
2
√
3ρ± − 1∓
√
3− ρ±
Q
1/2
±
Q± = 4ρ2± − 9ρ± + 3±A± ,
A± =
√
(3ρ± − 1)(3− ρ±) . (20)
Here ρ± is the radius of ISCO . For both types of motion
A± is real only in the interval 1/3 ≤ ρ ≤ 3. The function
Q+ = 0 for ρ+ = 1 and Q− = 0 for ρ− = ρ−,min ≡
(5+
√
13)/4. Figure 1 shows that the regions allowed for
the ISCO radii are 1 < ρ+ ≤ 3 and ρ−,min < ρ− ≤ 3.
Using (19) one finds the values of the velocity v± and
γ-factor γ±. Figure 2 shows the velocity of a particle at
the ISCO as a function of its radius. The lower brunch,
which starts at ρ+ = 1 at the value 1/2, is slightly less
than 1/2 in the interval (1, 3). At the end of this interval
it reaches the value 1/2 again. The upper brunch starts
with the same value 1/2 at ρ− = 3 and monotonically
increases until it reaches the value 1 at ρ = ρ−,min. Thus
the motion of the particle at the ISCO becomes ultra-
relativistic only in this limit.
FIG. 1: Q+ and Q− as functions of ρ.
FIG. 2: Velocity of a particle at the ISCO as a function of its
radius.
One can write expression for γ± in the following form
γ± =
2(ρ± − 1)
[4ρ2± − 9ρ± + 3±A±]1/2
. (21)
The value of the effective potential U at the position of
the ISCO is
U± = (1− ρ−1± )(1 + β2±) . (22)
Figure 3 shows that U+ monotonically decreases from
its value 8/9 at ρ+ = 3 till 0 at the horizon ρ+ = 1, while
the γ-factor remain always slightly higher than 1. At the
end points of the ISCO radius domain one has
γ+(1) = γ+(3) = 2/
√
3 . (23)
For b≫ 1 the ISCO radius ρ+ is close to the horizon and
one has (see [16])
ρ+ − 1 ≈ 1√
3b
. (24)
For the same mass of the black hole M and the value
of the magnetic field H , the parameter b for electrons is
4FIG. 3: The value of the effective potential U+ at the position
of the ISCO ρ+ and the corresponding value of the γ-factor
γ+.
FIG. 4: The value of the effective potential U− at the position
of the ISCO ρ− and the corresponding value of the γ-factor
γ−.
almost 2,000 times larger than for protons, so that the
ISCO for electrons are located much closer to the horizon
than the corresponding orbits for protons. Because the
signes of charges for the electron and proton are different,
they move along their ISCOs in the opposite direction.
Figure 4 shows that for trajectories with ℓ < 0 both
U− and γ− infinitely grow at ρ−,min = (5 +
√
13)/4.
III. PARTICLE COLLISION
A. Two particles at ISCO
As a first example let us consider a collision of two
particles with the same mass m and opposite charges
+|q| and −|q| moving along the same circular orbit in
the opposite directions. The 4-momentum of the system
after the collision is Pµ = 2mγeµ(t). Denote by M the
energy after the collision calculated in the center-of-mass
frame, then one has
M = 2mγ . (25)
Let us assume that for chosen value of the magnetic field
the particles moves at the ISCO. As one can see from
Figure 3, the value γ+ for an arbitrary field b remains
close to 1. This means that the collision energyM cannot
be much higher than 2m.
For the ‘attraction’ case the situation is quite differ-
ent. Formally both γ− and M infinitely grow when the
radius of the ISCO tends to its minimal value ρ−,min =
(5 +
√
13)/4. Thus in such a collision one can obtain an
arbitrary large value of M (see Figure 4). The energy
of such particles as measured at infinity, E = mU−(ρ−),
also grows in this limit. This means that in such a setup
the high collision energy is possible only if the initial en-
ergy of the particles measured at infinity is also high. In
other words, the gravitational field of the black hole sim-
ply ‘helps’ the magnetic field to keep the charged particles
at the circular orbit, but it does not provide the colliding
particles with the energy.
B. Collision of a freely falling neutral particle with
a charged particle at ISCO
1. Collision energy
Let us consider now another case, when a freely falling
from infinity neutral particle collides with a charged par-
ticle revolving at the circular orbit near a weakly mag-
netized black hole. As earlier we denote by p the mo-
mentum of this particle, and by m and q its mass and
charge. Denote by µ the mass of a freely falling particle,
and by k its 4-momentum. At the moment of collision
the 4-momentum is
P = p+ k , (26)
and the corresponding center-of-mass energy isM,
M2 = m2 + µ2 − 2(p,k) . (27)
2. Freely falling particle
To calculate (p,k) ≡ gµνpµkν at the point of the col-
lision we obtain first an expression for k in terms of the
integrals of motion for the neutral particle. We parame-
terize the particle geodesic by an affine parameter λ, such
that
k = (t˙, r˙, θ˙, φ˙) , ˙(...) = d(...)/dλ . (28)
For this parametrization one has
gttt˙
2 + grrr˙
2 + gθθθ˙
2 + gφφφ˙ = −µ2 , (29)
5and the case of a massless particle (‘photon’) does not re-
quire any modifications. We use the following integrals of
motion: the energy E, the azimuthal angular momentum
Lz and the total angular momentum L
E = f t˙ , Lz = r
2 sin2 θφ˙ , L2 = r4(θ˙2+sin2 θφ˙2) . (30)
Thus we have
k = (E/f, r˙, θ˙,Lz/r
2) , (31)
r˙ = ±
√
E2 − (µ2 + L2/r2)f , (32)
θ˙ = ±r2
√
L2 − L2z/ sin2 θ . (33)
For the motion from infinity the particle is either cap-
tured by the black hole, or, after close encounter, returns
to infinity. To determine the critical value of the angular
momentum L which separates these two outcomes we use
the relation (32) written in the form
r˙2 = E2W , W = 1− (ν2 + l2/ρ2)(1− 1/ρ) . (34)
Here ν = µ/E and l = L/(Erg). For the motion from the
infinity ν ≤ 1, and ν = 0 for the ultrarelativistic particles
and light. The function W vanishes at the horizon and
has the value 1−ν2 at the infinity. Depending on the pa-
rameters ν and l it is either monotonically increasing, or
it has one maximum, where dW/dρ = 0. The condition
W = 0 determines the radial turning points. The con-
dition that the radial point coincides with the maximum
of W ,
W = dW/dρ = 0 , (35)
determines the critical impact parameter lcrit = λ(ν).
The capture takes place when |l| < lcrit. The function
λ(ν) obtained by solving (35) is shown at Figure 5. One
FIG. 5: The critical angular momentum λ = L/(Erg) as a
function of ν = µ/E.
can see from this plot that the critical impact parameter
λ monotonically changes from 2 for a particle with zero
velocity at the infinity, till its maximal value λ = 3
√
3/2
for ultrarelativistic particles.
3. Properties of the collision energy
Using this representation (28) for k and (15) one finds
(p,k) = −mγE
(
f−1/2 − vlz
ρ
)
. (36)
where lz = Lz/(Erg). Thus the collision energyM obeys
the equation
M2 = m2 + µ2 + 2mγE
(
f−1/2 − vlz
ρ
)
. (37)
As we already know for ISCO with ℓ < 0 the γ-factor
infinitely grows at the minimal radius ρ−,min. As a re-
sult,M can be arbitrary large. But as earlier this case is
not interesting for our purposes since the corresponding
high energy is required from the very beginning in order
to put a charged particle at such an orbit.
The ‘repulsion’ case is more interesting. Since the ra-
dius of the ISCO can be arbitrary close to the horizon,
the factor f−1/2 in (37) can be made arbitrary large,
while γ+ remains finite. The second term in the brackets
in (37) remains finite. Really, from (33) it follows that
|Lz| ≤ L, so that
|vlz|
ρ
< |lz| ≤ λ(ν) ≤ 3
√
3
2
. (38)
For the fixed energy E the maximal value of the param-
eter |vlz|/ρ = 3
√
3
2 is reached for massless particles (pho-
tons) propagating in the equatorial plane. This contribu-
tion toM2 is positive when the photon and the particle
move in the opposite direction. In any case, this term
remains finite in the limit ρ+ → 1.
Thus for the collision close to the horizon the leading
contribution toM is
M∼ (2mγ+E)
1/2
(ρ+ − 1)1/4
. (39)
Using relation (24) one obtains the following asymptotic
value of the center-off-mass energy for a collision with
the charged particle at ISCO in a magnetic field b≫ 1
M∼ (3)1/8b1/4(2mγ+E)1/2 . (40)
Using expression (23) for the value of γ+ at the horizon
one can write (40) in the form
M∼ αb1/4
√
mE , α =
2
31/8
≈ 1.74 . (41)
In a special case, when a neutral particle falling from
infinity also has the massm, and it starts its motion with
zero velocity one has E = m and (40) takes a simpler form
M
m
∼ 1.74b1/4 . (42)
6Let us remind that for near extremal rotating black holes
the maximal collision energy per unit mass for particles
close the horizon is (cf [14], Eq. (8))
M
m
∼ 4.06(1− a)−1/4 (43)
By comparing relations (42) and (43) one can see that
they are quite similar if one identifies 1− a with b−1.
IV. DISCUSSION
We demonstrated that the collision of two charged par-
ticles moving in the magnetized black hole at the same
ISCO trajectory close to the horizon in the opposite di-
rections does not result in the high collision energy. On
the other hand, this energy can be high for a collision
of a particle falling from infinity with a charged particle
revolving at ISCO. In fact, this energy formally infinitely
grows for ISCO arbitrary close to the horizon. The close-
ness of ISCO to the horizon is controlled by the value of
the magnetic field (24). However the collision energy M
grows rather slowly with the magnetic field (see (42)).
This results in a considerable suppression of the maxi-
mal collision energy for realistic magnetic field.
To estimate the maximal collision energy per a unit
mass, (42), one can use expression (3) for the parameter
b. This gives 1.74b1/4 ≈ 942.3 for a stellar mass black hole
with parameters (4). For the supermassive black hole
with parameters (5) this factor is of one order larger. One
can expect that there exist other effects, which restrict
the ability of magnetized black hole to work as particle
accelerators. One of them is the synchrotron radiation
by charged particles near black holes, studied in [20, 21].
It should be also emphasized that our consideration is
somehow oversimplified, since we used a free particle ap-
proximation and neglected plasma effects. Moreover we
discussed only a simple case of ISCO particles, while the
motion of charged particles in the magnetized black holes
can be more complicated (see e.g. [16]). We conclude by
the following remarks: Theoretical search for high energy
events in the black hole vicinity is very interesting and
important for possible astrophysical applications. In this
connection, it might be interesting to study collision en-
ergy near the horizon of the black hole in the presence of
both, rotation and magnetic field.
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